where α > 0, 0 < q < 1. In a paper of Ruiming Zhang, he asked under what conditions the zeros of the entire function A q (a; z) which present a partial answer to that question. In the present paper, we will set up some results on certain entire functions which includes that A (α) q (q l ; z), l ≥ 2 has only infinitely many negative zeros that gives a partial answer to Zhang's question. In addition, we establish some results on zeros of certain entire functions involving the Rogers-Szegő polynomials and the Stieltjes-Wigert polynomials.
Introduction
Recall that entire functions are functions that are holomorphic in the whole complex plane. Given an entire function f (z) = ∞ k=0 a k z k , then the order of f (z) can be computed by [5, (2 
.2.3)]
ρ(f ) = lim sup k→∞ k log k − log a k .
(1.1)
Following [11] , we define the entire function A (1 − aq j ) (k ≥ 1).
It is easily seen that
where A q (z) and S n (z; q) are the Ramanujan entire function and the StieltjesWigert polynomial respectively [10] . So A (α)
q (a; z) generalizes both A q (z) and S n (z; q). It is well-known that both of them have only real positive zeros. Therefore, Zhang in [18] asked under what conditions the zeros of the entire function A (α) q (a; z) are all real. In that paper, Zhang proved that A (α) q (−a; z) (a ≥ 0, α > 0, 0 < q < 1) has only infinitely many negative zeros and A (α) q (q −n ; z) (n ∈ N, α ≥ 0, 0 < q < 1) has only finitely many positive zeros, which gave a partial answer to that question. In addition, Zhang obtained a result on the negativity of zeros of an entire function including many well-known entire functions.
Our motivation for the present work emanates from Zhang's question. In this paper, we will establish the following results which present a partial answer to Zhang's question.
q (q l ; z) has only infinitely many real zeros and all of them are negative;
(ii)if m and n are nonnegative integers such that at least one of them is positive, {l j } m j=1 are integers not less than 2, 0 < q j < 1 (1 ≤ j ≤ m) and
has only infinitely many real zeros and all of them are negative; (iii)if m ≥ 0 and n ≥ 1 are integers, {l j } m j=1 are integers not less than 2 and The Gaussian binomial coefficients are q-analogs of the binomial coefficients, which are given by n k q = (q; q) n (q; q) k (q; q) n−k .
We now introduce the definition of the Rogers-Szegő polynomials which were first investigated by Rogers [15] and then by Szegő [16] . The Rogers-Szegő polynomials are defined by
If q is replaced by q −1 in the Rogers-Szegő polynomials, then we obtain the Stieltjes-Wigert polynomials (see [16] ):
From [18, Theorem 5], we know that h n (x|q) has only negative zeros for q ≥ 1 and g n (x|, q) has only negative zeros for 0 < q ≤ 1, where h n (x|q) and g n (x|, q) are defined by
Motivated by Zhang's work, we will establish the following results on zeros of certain entire functions involving the Rogers-Szegő polynomials and the StieltjesWigert polynomials. 
1|q). But we need the following results:
which can be derived easily.
(
ii) We can establish certain results on the Rogers-Szegő polynomials and the Stieltjes-Wigert polynomials by using similar method. These are analogous to (ii) and (iii) of Theorem 1.1
We also set up the following result which is analogous to [18, Theorem 7] . Theorem 1.3. Suppose r and s are two positive integers, a j (1 ≤ j ≤ r) and b k (1 ≤ k ≤ s) are r+s positive numbers and α > 0, 0 < q < 2
has only infinitely many real zeros and all of them are negative.
In the next section, we will provide some lemmas which are crucial in the proof of Theorems 1.1 and 1.2. Section 3 is devoted to our proof of Theorems 1.1-1.3.
Preliminaries
In order to prove Theorems 1.1 and 1.2, we need some auxiliary results. We first recall from [7] that a real entire function f (z) is of Laguerre-Pólya class if 
is a real entire function and in Laguerre-Pólya class for |q| < 1 and x ∈ R. Then by [7, Theorem C], we obtain that {
is a PF sequence for 0 < q < 1. 
We also need the following results, namely, Vitali's theorem [17] 
Lemma 2.4. (Hurwitz's theorm) If the functions {f n (z)} are nonzero and analytic in a region Ω, and f n (z) → f (z) uniformly on every compact subset of Ω, then f (z) either identically zero or never equal to zero in Ω.
We conclude this section with following result which is very important in the proof of Theorem 1.2.
Lemma 2.5. Let x, y be two real numbers and α > 0, 0 < q < 1. Then the functions
Proof. We first consider the function
By the same arguments, we get for |x| > 1, |y| ≤ 1,
In any cases we obtain
where a is positive number which depends on x, y and q. Then
is an entire function. Similarly, we can deduce that
is also an entire function. This ends the proof of Lemma 2.5.
Proof of Theorems 1.1-1.3
Proof of Theorem 1.1. We first prove (i). According to the q-binomial theorem [3, 9] , we obtain that for all complex numbers x and q with |x| < 1 and |q| < 1, there holds
Using Lemma 2.1, we get the sequence
is a PF sequence. It follows from (i) of Lemma 2.2 that {a k } n k=0 is a a PF sequence if and only if {c
is also a PF sequence for any c > 0. Hence,
is a PF sequence. So from the fact
is a PF sequence and (iii) of Lemma 2.2, we arrive at the sequence
is also a PF sequence, which, by (i) of Lemma 2.2, implies that the polynomial
has only nonpositive zeros. Here and below, set Ω = C −{x+ yi|x ∈ (−∞, 0], y = 0}. Then
point-wise in Ω. It is easily seen that for 0 < q < 1, α ≥ 0 and each n ∈ N, z ∈ C,
We apply Lemma 2.3 to know that
uniformly on every compact subset of Ω and then apply Lemma 2.4 to see that A We next show (ii). According to [18] , we know that the sequence
is a PF sequence for ν > −1, 0 < q < 1, which means that
are all PF sequences for 1 ≤ r ≤ n.
Since
are all PF sequences, we then apply (ii) and (iii) of Lemma 2.2 to find that
is also a PF sequence, which, by (i) of Lemma 2.2, implies that
has only negative zeros. For each positive integer N and z ∈ C, we have
Similarly, we apply Lemmas 2.3 and 2.4 to establish that the function
has no zeros outside the set {x + yi|x ∈ (−∞, 0], y = 0}. In view of [10, Lemma 14.1.4], this function has infinitely many zeros. Then (ii) is proved. Finally, we give a proof of (iii). Let q j = q r = q and α = n + m/2. Using the Hôpital's rule, we deduce that
It is easy to see from
Combining this and the fact that
This, by Lemma 2.3, shows that
converges uniformly in in any compact subset of C. It follows from Lemma 2.4 that the function
(ν r + 1) k has no zeros outside the set {x + yi|x ∈ (−∞, 0], y = 0}.
Set
It is easily seen from the Stirling's formula [4] that
which, by (1.1), means that
Hence, by [10, Theorem 1.2.5], the function
has infinitely many zeros. Then this function has only infinitely many real zeros and all of them are negative, which proves (iii). This completes the proof of Theorem 1. h n (x, y|q) (q; q) n q αn 2 z n has only nonpositive zeros. We know that
It is easy to see that for 0 < q < 1, α > 0 and each N ∈ N, z ∈ C,
Applying Lemma 2.3, we find that
uniformly on every compact subset of Ω and then applying Lemma 2.4, we deduce that the function
in Ω which means that
has no zeros outside the set {x + yi|x ∈ (−∞, 0], y = 0}. We use [9, (1.3.15) ] to get 
which, by Lemma 2.1, implies that
is a PF sequence, namely,
is a PF sequence. So, by the fact that {
is a PF sequence and (iii) in Lemma 2.2, (−1) n g n (x, y|q)q . Put
which means that
So there exists a positive integer K 0 such that
has only negative zeros for any K ≥ K 0 .
On the other hand, by the Stirling's formula and (1.1), we have
which, by [10, Theorem 1.2.5], implies that the function
has infinitely many zeros. Hence, this function has only infinitely many real zeros and all of them are negative. This concludes the proof of Theorem 1.3.
